A variant of the divergence theory for vacuum-structure developed previously 1 is analyzed from the viewpoint of a conformally invariant gravitational model. Invariance breaking is introduced by choosing a preferred configuration of dynamical variables. In this way a particle interpretation is presented which leads to the geometrization of the quantum aspects of matter.
Introduction
Vacuum-Structure can be sensitive to external and cosmological constraints which are applied to the vacuum. The effect of the external constraints on the vacuum is analyzed by the violation of the Lorentz-invariance. The violation of this principle may be considered in curved space-time in terms of two physical concepts, the universal length l 0 2,3 and a time-like vector field N µ . 2, 3, 4 Here l 0 is used to distinguish between small and large distances, and N µ serves as the four-velocity of preferred frame of reference, which is singled out by the violation of the Lorentz-invariance.
In this paper we shall use the divergence theory developed in Ref. 1 to apply external constraints on the vacuum through the broken Lorentz invariance. The effect of Lorentznoninvariance on the structure of the vacuum may be allow a particle interprtation. An undesirable feature of this model is that, it is not conformal invariant. To conformally symmetrize this model, we shall use an appropriate conformal transformation which provides a dynamical interplay between a particle and the applied conformal factor. The resulting conformally invariant theory may be studied in different conformal frames, depending on the particular choice of the local standard of length. It is shown that transition from one frame to another leads to the geometrazation of the quantum aspects of matter.
Divergence theory
We study the violation of Lorentz-invariance in vacuum by considering a dynamical coupling of a real scalar field φ with the vector field N µ by the introduction of the current
One can easily check that
and
in which, 2 = g µν ∂ µ ∂ ν denotes the d'Alembertian associated with the Riemannian metric g µν . From the combination of relations (2) and (3) we obtain the identity
This equation is a consequence of the definition (1) and not a dynamical law for φ. However, one can construct several dynamical theories by specifying the source of the divergence ∂ µ J µ (φ) in (4). We study a theory in which the source of the divergence is specified as
Substituting this relation in (4) we get
It is easy to show that under the duality transformation
where G µν is given by
where we have used
which is the defining relation for what we call the internal time-parameter τ associated with time-like vector field N µ .
The last equation reduces to Eq. (6) in the idealized limit in which any conceivable dependence of J µ (φ) on the internal time-parameter τ is ignored. Using this assumption, Eq. (6) becomes invariant under the duality transformation (7). This duality transformation makes possible a transition from the configuration (φ, N µ , g µν ) on a Lorentzian domain (a domain with the metric g µν and signature (− + ++)) to the configuration (φ −1 , −N µ , G µν ) on an Euclidean domain (with the metric G µν and signature (+ + ++)). Therefore the duality transformation connects equivalent configurations of the vacuum with different signatures.
To fix the causal structure of the space for our analysis, it is necessary to combine the divergence law (5) with a duality breaking condition. On a Lorentzian domain we adopt the time-asymmetric condition 5
One can easily check that, under the duality transformation (7) the source of the divergence in (8) will reverse the sign, so, this condition can not be simultaneously satisfied for configurations related by the duality transformation. Therefore, the condition (8) implies an assertion about both a preferred arrow of time which is determined by N µ , and a preferred configuration of the scalar field φ.
Vacuum-Condensation
To characterize the physical realizability of the scalar field φ, we adopt the preferred frames of reference to be those in which the vector field N µ at each space-time point takes the form (|g 00 | 1/2 , 0, 0, 0). Then, one may combine the divergence law (5) with (1), getting
A particular solution of this equation is given by
in which R is a constant curvature and M µ is a divergence-less vector field with M µ M µ = 1. Then, using the time-like nature of N µ , namely N µ N µ = −1, one can rewrite the divergence law (5) as
where we have assumed the time-like vector field N µ to be orthogonal to the vector field M µ . From a comparison between (8) and (10) one finds the following constraint on the configuration of the scalar field φ l 0 φ(x) < 1.
Using (9) and (10), the field Eq. (4) takes the form
This equation can be derived from a Lagrangian having the following potential
This potential admits a condensation of the vacuum associated with the minimum of V (φ) which occurs at the constant value φ = l (11), the value of l 0 φ = e λ is larger than one and it violates the universal form of time-asymmetry reflected in (8) , because the right hand side of (8) becomes negative.
To obtain an approximate form of the potential (13) one can use
which corresponds to the two first terms of a Taylor series expansion of ln l 0 φ around the ground state value l 0 φ = e λ . Then, the Eq. (12) can be rewritten as
To rewrite this equation in a simple form, the linear term φ in the brackets may be approximated by replacing φ by its corresponding ground state value φ = l
One can easily check that this equation can be derived from a Lagrangian having the following potential
which has the form of a Higgs potential.
Particle Concept
It is possible to show that the Lorentz-noninvariant vacuum contains physical characteristics that may be interpreted in terms of an associated ensemble of particles. We proceed to derive a dynamical equation characterizing the ensemble of particles. Using (9), one finds
One can convert this equation into a familiar form indicating the existence of a particle with adjustable mass-scale. For this purpose, first we assume a congruence of time-like curves specified by vector field ∇ µ S. Then, we require the vector field I µ defined by
have a norm 
where we have assumed the scalar field φ is the constant along the particle trajectory, and M = (Λφ 2 ) 1/2 . This equation can be interpreted as the Hamilton-Jacobi equation characterizing the ensemble. In this ensemble a particle has the four-momentum ∇ µ S, and the varying mass M which may be adjusted to take arbitrary values by fixing the norm of the vector field I µ . Now, to characterize the ensemble in terms of a hydrodynamical equation, it not unreasonable to expect that our theory to be essentially non-dissipative in the vacuum. We assume φ 2 to be the particle-number density, satisfying the following equation which expresses the local conservation of particles in the ensemble
In order to obtain a generalized form of the Hamilton-Jacobi equation (15), one may use conformal transformation
in which the conformal factor Ω(x) is an arbitrary, positive and smooth function of space-time.
Under this transformation, Eq. (15) takes the form
where we have used the transformation law of the Ricci curvature
with Ω = φ 0 /φ, and φ 0 being a constant. Now, it is instructive to derive the Einstein equation corresponding to Eq. (18). For this purpose, one can multiply this equation by φ∇ α φ
Using Eq. (16) the first term can be written as
The second term may be transformed as
For the third term, using the Einstein tensor G µν = R µν − 1 2 g µν R, we find
where we have used the definition of the curvature tensor
in which V γ is some covariant vector field. Finally, for the last term we find
Combining all these relations, one gets
in which
is conserved. One may assum T µν = 0. Thus, one finds
which is the Einstein equation. In the standard way, this equation can be derived from the variation of an action leading to the field Eq. (18), with respect to g µν . One can easily check that, the trace of Eq. (19) leads directly to the Eq. (18). This feature is a consequence of the fact that these equations are exactly invariant under the conformal transformation (17), which leaves us one degree of freedom unspecified. This tells us that the theory introduced by these equations can be studied in various conformal frames. Among various frames which can be used with this theory, one may choose a classical frame which is defined by the condition φ = φ 0 = const. In this frame Eqs. (16) and (19) take, respectively, the forms
These equations contain the entire dynamical coupling of the particle's S-function to gravity in the classical frame. One can show that, the trace of Eq. (21) leads to the generalized HamiltonJacobi equation
where M 0 = (Λφ 2 0 ) 1/2 being a constant mass-parameter.
A new frame, which we call quantum frame, can be obtained by the application of the conformal transformation
to the classical frame, with Ω = φ 0 φ . Using the transformation law of the Ricci tensor R µν under (23), we then find 6
Consequently the Eq. (21) transforms as
Taking the trace of Eq. (24), we find
Comparison of Eqs. (21) and (22) indicates that, the new frame is equivalent to the classical frame, except for the particle mass which is modified by an extra term 2φ φ . The appearance of this term is a consequence of the conformal invariance breakdown by the introduction of a physical frame.
One must note that Eq. (20) under (23) is left unchanged. However, it is convenient to rewrite this equation in the following form
where we have used ∂ µ S =M U µ and U µ ∂ µ = d dτ in whichτ is a parameter along the particle trajectory and the valueM is dependent on the frame one is using. The right hand side of this equation, which in principle may be different from zero, indicates that, if we relate Ω 2 to the particle-number density, the conservation of particles in the ensemble may be violated.
Comparison of Eqs. (21) and (22) indicates that, the new frame is equivalent to the classical frame, except for the particle mass which is modified by an extra term 2Ω Ω . The appearance of this term is a consequence of the conformal invariance breakdown by the introduction of a physical frame.
Relativistic Motion of the Particle
In the quantum frame, the equation of motion a particle in the ensemble may be described in terms of a pilot wave
This wave satisfies the equation
which is obtained from combination of Eqs. (22) and (23).
In the background approximation g µν ≈ η µν , Eq. (24) reduces to the following form
Alembertian associated with the Minkowski metric η µν . The right hand side of this equation is a consequence of violation of the conservation of particles in the ensemble, Eq. (23). In fact, the appearance of this term, which is non-linear in terms of ψ, is a consequence of geometrization of the quantum aspects of matter. Further attempts seems to be necessary to understand relationship of non-linear quantum mechanics and geometrization of the quantum effects.
Under the assumption that the amplitude φ is independent of the parameterτ along the particle trajectory, this equation reduces to the massive Klein-Gordon equation
The merit of introducing the wave ψ is that it acts as a sort of a pilot wave in the sense of causal interpretation of quantum mechanics, 7,8 the term
2Ω
Ω on the right hand side of Eq. (22) being the associated quantum potential.
The Geodesic Equation
One can show that Eq. (21) is equivalent with geodesic equation for a free particle. For this purpose, by taking divergence of Eq. (21), one find
where we have used the guidance formula
. By multiplying this equation by U µ , and then using the time-like nature of four-velocity U µ , namely
we get
Using (26) and Eq. (27), one can check that the second term is zero. So, Eq. (28) reduce to
or equivalently
The last equation is the geodesic equation for a free particle. Similarly, using
where the added term on the right-hand side is the quantum force. 6 ‡ Clearly, because of quantum force the particle does not move on a geodesic of the geometry. However, in the new units of length and time appropriate for the new geometryḡ µν = Ω 2 g µν with Ω = where we have usedŪ µ = ΩU µ and ds 2 = Ω 2 ds 2 . Thus the particle with variable mass M, behaves as a free particle with the constant mass in the new geometry.
Concluding Remarks
We have studied the consequence of the violation of Lorentz-invariance in vacuum. In this approach, signature change duality transformation has been considered as a natural symmetry transformation which provides transition between two dual configurations. The duality-braking condition (8) which can not simultaneously be satisfied for these configurations implies an asymmetry in the direction of the vector field N µ in vacuum. This indicates an assertion about the emergence of a preferred arrow of time. 2 The symmetry-braking law (8) implies that the term [−J µ (φ)J µ (φ) − ∂ µ J µ (φ)] which plays role of a dynamical mass in Eq. (4) may be tachyonic. This can produce a corresponding condensation of vacuum. As a final remark, It is shown that the Lorentz-noninvariant vacuum involves physical characteristics that can be interpreted in terms of an associated ensemble of particles. In this approach we have considered a conformally invariant coupling of a particle to gravity. The conformal invariance implies that particle properties are dependent on the frame one is using. Among various conformal frames, we chose two different frames, namely the classical frame and the quantum one. The transition from the classical frame to the quantum one was led to the appearance of the quantum potential. This potential is a consequence of the applied conformal transformation. Therefore quantum effects may be contained in the conformal degree of freedom of the space-time metric. This is what we call geometrization of the quantum effects. 9, 10, 11 
